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Abstract
This writing is my personal concise and fairly incomplete collection
of daily-used probabilistic and other techniques. In essence, a lot of it
consists of literal copies of frequently read sections of “The Probabilis-
tic Method” by Spencer and Alon together with italicized comments
and clarifications by myself. In addition, I have included excerpts from

various lecture notes. This document is in preliminary and evolving
form.

1 Basic Method

1.1 Linearity of Expectation
Definition of expectation:

p=EX]=> aPr[X =]

Say X = c1 X1+ -+ + ¢ Xy, then “linearity of expectation” postulates:
E[X]=E [Z cZ-X,-] => GE[X]]
i i

Linearity of Expectation is such a powerful tool that I find it necessary to
mention a few tricks from the literature that are remarkably powerful.



Lemma 1.1 (Expectation Taking Rules). Let A and B be arbitrary, not
necessarily numeric, random variables, let X be an indicator random vari-
able, and let f and g be arbitrary functions. Then:

1 If f(-) = g(), then E[f(-)] = E[g(")]
2. Ep :[EA[A\B]} = E4[A], or simply [E[[E[A|B]} — E[4]

3. Egp :[PWA[AyB]} = Pra[A], or simply E[Pr[mB]} — Pr[A]

4. Ex :I][X - 1]] = Ex[X], or simply [E[I][X - 1]} — E[X]

Example 1.1. This example which uses all three of the above equali-
ties is taken from a beautiful paper of Bollobds and Riordan on scale-free
graphs [BR02]. Let G} be a random undirected graph with vertex set [n],
generated as follows. Vertices are added one at a time. When added, vertex
j has 1 incident edge whose other end is connected to some random vertex
g; < j with probability proportional to that vertex’ current degree, i.e.:

{dju/(zj — 1), ifj >,

Prlg; = i|GZ7 1] =
SR IV R

where dj_1,; denotes the degree of vertex i in G{_l. Our goal will be to
compute Pr[g; = i] in G}. Taking the expectation on both sides of this
equation for the case j > i produces:

Eld;—1,]

[Pﬂ’[gj :Z} = 2j—1

For j > i, we have d;; = dj_1; + U[g; = 1], so taking expectations gives:

. di 14 1
E[d; |G ) =dj_1;+ 22 = (1 di_1;
[]7‘G1 ] J 17+2]_1 < +2]_1> j—1,

Take expectations again! Get:
1
Eld;i] = {1+ 21 Edj—1,]
Solve this recurance, observing that E[d; ;] = 2i/(2i — 1), to get:

Eldji] = O(V3/)



Finally, substitute this above to arrive at the final result:

Prlg; = i] = O(1/\/ij)

Notice that taking expectations helped us find a closed formula for an event
mn a complex sequentially-defined random process. This scenario bears con-
nections to random processes whose evolution is defined via differential equa-
tions. In particular, we could have described the graph model by:

Ad;  di
Aj 2

1.2 Markov’s Inequality
Theorem 1.1 (The Markov Inequality).

[P[r[X > tu] < equivalently [Ptr[X > )\] <

S
>|=

Perhaps the most common application of the expectation uses that there
must exist a point in the probability space for which X > E[X] and a point
for which X < E[X].

Note that Markov’s inequality is most specific when t = 1, i.e. it gives “the
most exact” bound in this case. In particular, at t = 1 the inequality can
overestimate the tail probability by at most a factor of 2. For any t > 1
the inequality could possibly overestimate the tail probability by an arbitrar-
ily large factor. This property of the Markov inequality permeats into the
Chebyshev and Chernoff bounds.

The Chebyshev Inequality (Theorem 2.1) gives (in the same sense) the most
exact bound for the probability of the tails that are one standard deviation
away from the mean, and a possibly grossly overestimated bound for more
distant tails.

In contrast, the Chernoff Bound (Section 3) cleverly applies the Markov
inequality near t = 1 for any input parameters, and thus it achieves a very
tight tail bound.



Example 1.2. Szele (1943) showed that there exists a tournament 7" with
n players and at least n!/2"~! Hamiltonian paths. Let X be the number of
Hamiltonian paths in the random tournament. For each permutation 7 let
X be the indicator that 7 gives a Hamiltonian path, i.e. (w(i),w(i+1)) € T
for 1 <1<n. Then X =5 X, and:

E[X] =) E[X.] =nl/2"""

Some tournament has at least E[X] Hamiltonian paths.

2 The Second Moment

Variance and Covariance: Definition:

0? = Var[X] = E[(X — E[X])2]
= E[X?] — E[X]?

For X =X+ ---+ X,:
Var[X] = Z\/ar[Xi] + Z Cov[X;, X;], where
i i#j
CovlY, Z] = E[YZ] - E[Y]E[Z]

Theorem 2.1 (Chebyshev’s Inequality). For any A:

1
PrX —pl = Ao] < 5

Note that Chebyshev’s inequality is not too specific. To the contrary, con-
sider the case when X is normally distributed with mean p and standard
deviation o, then for large A asymptotically:

2 e=N/2 1
PrX = ul 2 Ao ~ \/;)\ <3z

The reason for this lies in the nature of the bounds that the Markov Inequality
(Theorem 1.1) gives.



When X = X7 + -+ + X,,, is a sum of indicator random variables with
corresponding probabilities p;:

Var[X;] = pi(1 — pi) < pi = E[X]]
Var[X] < E[X] + ) Cov[X;, X;]

i#]
2.1 Bounding Towards and Away from Zero

Let X be integral and nonnegative. If E[X] < 1 we can bound the probability
that X > 0:
Pr[X > 0] < E[X]

Asymptotically, if E[X] = o(1), then X = 0 almost always.
On the contrary, suppose E[X] — oo, then:
Theorem 2.2.

Var[X]
<
~ E[XP

And in particular:

Corollary 2.1. If Var[X] = o(E[X]?) then X > 0 almost always.

A slight generalization of Theorem 2.2 gives:

Theorem 2.3.

Pr[|X — E[X]| > €E[X]] < %

Which amplifies Corollary 2.1 in asymptotic terms:

Corollary 2.2. If Var[X] = o(E[X]?) then X ~ E[X] almost always.

Bounding for Indicators: Suppose again X = X; + --- + X,,, are indi-
cator random variables for events A;. For indices i,j write ¢ ~ j if i # j



and the events A; and A; are not independent. Set (the sum over ordered
pairs):
A=) Pr[A; A4
i~j

Note that when ¢ ~ j,
C(D\/[XZ',XJ'} = IE[XZXJ] — E[XZ]E[XJ] S [E[XlX]] = [PU’[AZ AN AJ]

and, respectively, that when ¢ # j and not i ~ j then Cov[X;, X;] = 0.
Thus:
Var[X] < E[X]+ A

Corollary 2.3. IfE[X] — oo and A = o(E[X]?) then X > 0 almost always.
Furthermore, X ~ E[X] almost always.

When A > p and the indicator random variables pertain to monotone
decreasing events the extended Janson Inequality 7.3 gives a significantly
stronger bound.

Note that if you are able to compute A in a specific application, you are
- Cov[X;, X;], which

most likely also able to compute the exact value of Ew;

may give a better asymptotic in the above lemma.

Bounding for Symmetric Indicators: Say Xi,...,X,, are symmetric
if for every i # j there is an automorphism of the underlying probability
space that sends event A; to event A;. In this instance, we write:

A=Y "Pr[A; A 4] = Z PrlA;] ) Pr(4;]4;]

i~j j~i

and since under the symmetry assumption the inner summation is indepen-
dent of i, we set:

A" =" Pr[4;]A)
J~i

where ¢ is any fixed index. Then:

A= A" Pr[A;] = A"E[X]

Corollary 2.4. IfE[X] — oo and A* = o(E[X]) then X > 0 almost always.
Furthermore X ~ E[X] almost always.



3 Chernoff Bounds

3.1 Bound for Unbiased Variables

Theorem 3.1. Let X1,...,X, be mutually independent with
and set X = Xq +---+ X,,, then for any a > 0:

Pr(X >a] < e~ @/

The proof of this theorem simply considers the variables Y; = e and
applies the Markov inequality to e, where its effect is highly amplified
(viewed from the point of view of X ). This transformation is useful only
because E[Y;Y;] = E[Y;]E[Y]] due to the independence condition.

Unlike the Chebyshev inequality, the Chernoff bound is achieved by applying
the Markov inequality close to the point when it is precise (by picking the
parameter X appropriately for any fixed choice of n and a). Hence the Cher-
noff bound tends to be very tight, although a bit worse than an equivalent
application of the Central Limit Theorem, which however holds only when
n — oo.

I believe that the Chernoff bound can be made perfectly tight to match the
Central Limit Theorem exactly at the expense of formulaic convenience. This
1s most likely an unworthy effort from an asymptotic standpoint.

Corollary 3.1. Under the assumptions of the previous theorem:

Pr[|S,] > a] < 2¢~ /20



3.2 Bounds for Bernoulli Variables

Theorem 3.2. Let X = X1+ ---+ X, be a sum of independent Bernoulli
random variables. Set p = E[X]. Then:

PriX < (1—e)p] < e < H?2 for0<e
PriX > (1+¢€)p] < e 13 fore<1
PriX > (1 +eu <e*  forl<e<2e—1
PriX > (1+¢)y] < 27w for2e—1<ce

3.3 Bounds for Mixed Bernoulli Variables*

This theorem is due to Janson [Jan02]:

Theorem 3.3. Let X = X7 +---+ X,, where X; are independent Bernoulli
random variables with Pr[X; = 1] = p;. Let u =E[X] =p1+---+pn. Then
fort > 0 we have:

2
[PD’[X Z 1% + t] S exXp <_2(Iu—t|—t/3)> s and
2
PriX <p—t] <exp <_§u>
4 Basic Inequalities

Bonferroni Inequalities: (The Taylor expansion of probabilities) To pre-
pare the grounds, let By,..., B, be events with corresponding indicator
random variables X = X,..., X;,. Define:

S(T) = Z [PD’[BZ'I /\"'/\Bir]

7;17~--7i'r

where the sum is over all sets {i1,...,i,} C {1,...,m}. The Inclusion-
Exclusion Principle gives that:

Pr[X =0 =Pr[BiA---ABp =18+ 83 — ... 4 (—1)rs™ ..



This is to be interpreted that, in general, the inclusion-exclusion formula
alternately over- and underestimates Pr[X = 0]. So, for example, the union
bound is a special case of the Inclusion-Exclusion Principle when the formula
is truncated after the S™) term.

Jensen Inequality: If f is convex, >, Ay =1 and A € [0,1], then:

/ (ZM%) < Z)\kf(xk), also
% %

F(E[X]) <E[f(X)]
Cauchy-Schwarz Inequality:

(£0) =(5) (59

This inequality is also summarized by its vector form (after taking the square
roots on both sides):
|a- b <al[b]

Often the case b; = 1, for all 7, will be useful, i.e.:

(5) = ()

5 Bounding Techniques

Union Bound

Pr[viAi] <) Pr[Aj]



Conditional and Conditional Union Bounds

Generally:
Pr[A|B A C] > Pr[A A B|C]

In particular:
Pr[A|B] > Pr[A A B]

= Pr[A] — Pr[A A B]
When B = A;B; the above gives:

Pr[A| Ai Bi] > Pr[A] - Y Pr[AA B

7

Common Triggering Events

Suppose Aq,..., A, and By,..., B, are two sets of events, and let it be that
Pr[A;] = Pr[vjeDi Bj] for some D; C [m].

Pr[\/Ai} < Prr[\/Bj} < ZPV[BJ‘]

6 Martingales and Tight Concentration

A martingale is a sequence of random variables Xy, ..., X, such that:
E[Xiy1]Xi, ..., Xo] = X; (6.1)

Theorem 6.1 (Azuma’s Inequality). Let 0 = Xo,..., X, be a martingale
with
| Xiy1 — Xy <1

for all0 < i< m. Let A > 0 be arbitrary. Then:

Pr[X,, > \/m] < e /2

10



Corollary 6.1. Let c = Xy, ..., X, be a martingale with
|Xi1— X <1
for all 0 < i < m. Then:

Pr(|Xm —c| > AWm] < 2N/

6.1 Edge and Vertex Exposure

Two most typical and very instructive applications of martingales are the
edge and verter exposure martingales, described below. They demonstrate
how to setup martingales so that the martingale property “automatically”
holds, thus allowing you to focus your attention (in the design) entirely on
the numerical aspect of the random process at hand.

The Edge Exrposure Martingale: Let G ~ G(n,p) be a random graph,
and let f be a graph theoretic function. Label the potential edges {i,j} C [n]
of Gbyey,...,eyn withm = (Z) in any desirable order. And let the indicator
random variables F1,..., E,, be such that E; = 1ife¢; € G, and E; = 0 if

e; ¢ G. Define the edge exposure martingale Xy, ..., X,, as:
X, = E[f(G)| B, ..., Ei]

Notice that Xo = E[f(G)] and X,,, = f(G) are constants. Also notice that
the martingale property (6.1) holds precisely because the E; variables are
independent.

The Vertex Exposure Martingale: Let G ~ G(n,p) be a random graph,
and let f be a graph theoretic function. Label the potential edges {,j} C [n]
of G as e;;, and associate them with the corresponding indicator random
variables E;;. Define X1,..., X, by:

X; = E[f(G)|Euy for o,y < i

Once again Xy = E[f(G)] and X,,, = f(G) are constants. Also notice that
the vertex exposure martingale can be viewed as a subsequence of the edge
exposure martinagle. This is formalized in the next paragraph.

11



Generally, The Independent Disclosure Martingale: The construc-
tion of the edge and vertex exposure martingales are generalized in the follow-
ing way. LetY = (Y1,...,Yn) be a vector of independent random variables,
and let f(Y) be any real-valued function. Also let & = Wy C W; C .- C
W, = {Y;} be a gradation of the set of variables Y;. Define a martingale
Xo,...,Xp as:

X; =E[f(Y)|W;]

As before, Xo = E[f(Y)] and X,, = f(Y) are constants. The martingale
property (6.1) holds since (using the independence of the Y;’s and linearity
of expectation):

E[Xia|Xi] = E[E[f(Y)|Wita] W]

= Y Pe[Wi\WiE[f(Y)|Wis1]
Wip1\W;

= Z [PIT[VVZ'+1\WZ'] Z PT[Wn\Wi+1] f(Y)

Wi1\W; Wi \Wit1
= > Pr[W,\Wi]f(Y)
= E[f(Y)|W]
—X;

Note that the Y;’s don’t have to be indicator variables, in fact, they don’t
even have to be real-valued. FE.g., the Y;’s can be assigned to disjoint sets
of potential edges of G ~ G(n,p) where the value of each Y; represents the
outcome for the entire set of corresponding edges.

The Lipschitz Condition:

A graph theoretic function f is said to satisfy the edge Lipschitz condition
if whenever H and H’ differ in only one edge then |f(H) — f(H")| < 1. Tt
satisfies the vertex Lipschitz condition if whenever H and H’ differ at only
one vertex, |f(H)— f(H")| < 1.

Theorem 6.2. When f satisfies the edge Lipschitz condition, the corre-
sponding martingale satisfies |X;+1 — X;| < 1. When f satisfies the vertex
Lipschitz condition the corresponding vertex exposure martingale satisfies
| Xit1 — Xi| < 1.

12



Exzample 6.1. Shamir and Spencer (1987): Let n,p be arbitrary and let
¢ = E[x(G)] where G ~ G(n,p). Then

Pr(lx(G) —c| > AWn—1] < 2e /2

To prove this, consider the vertex exposure martingale Xi,..., X, with
f(G) = x(G). A single vertex can always be given a new color so the
Lipschitz condition applies. Now, just apply Corollary 6.1. Notice that
when A — oo such that A = o(n), this result shows that x(G) is tightly
concentrated around its mean, and this was shown without any knowledge
of what the actual mean is.

7 The Poisson Paradigm

When X is the sum of many rare “mostly independent” random wvariables
and p = E[X] we would like to say that X is close to a Poisson distribu-
tion with mean p and, in particular, Pr[X = 0] is nearly e *. This rough
statement is called the “Poisson Paradigm.”

Definition 7.1. A non-negative integral random variable X is said to be
Poisson-distributed with mean p > 0 if:

t

Pr[X = t] = %e*“

7.1 Basic Facts about Poisson Variables

The results in this section will be concerned with approximating various prob-
abilistic processes by Poisson-distributed variables. Hence, it seems appro-
priate to preface this section with some basic tools for dealing with Poisson
variables. We begin with a Chernoff bound:

Theorem 7.1. Let X have Poisson distribution with mean p. For € > 0:
PriX < p(l—e)] < e < H?
Pr[X > p(1+€)] < [e(1+ (49"

13



A couple other useful facts:

Lemma 7.1. If X and Y are Poisson random wvariables with means, re-
spectively, pux and py, then Z = X +Y is Poisson-distributed with mean
Bz = px + py-

Lemma 7.2. Let X be Poisson-distributed with mean pu and let p; = Pr[X =
i]. Then for the generating function of X we have:

p(z) =Y pi' = e
=0

7.2 Janson’s Inequalities

Janson’s Inequality is used to prove that at least one of many rare mostly
independent events happens with high probability, when the events are mono-
tone decreasing and we can compute their pairwise correlation.

A finite universe set € is given. And a random subset R C €2 is chosen, with
Pr[r € R] = p. Also, a collection of subsets A; C Q with i € I is fixed, and
event Bj; is defined to be A; C R, with corresponding indicator variables
X; and X = >, X;. Write ¢ ~ j whenever ¢ # j and A; N A; # 0. The
goal of Janson’s inequalities is to upper-bound the probability Pr[A;B;] that
none of the events occur. (The lower bound is trivial, because the events are

monotone decreasing, hence less interesting.)

The goal of the Janson inequalities is interesting because when the underlying
events are monotone decreasing, for any two non-independent events we have
Pr[Bi| A; B;] > Pr[B;], and therefore to say the least Pr[A;B;] > [, Pr[B].

Set:
A= Z [Prr[BZ AN BJ]
M =[] Pr[Bi]
el
p=E[X] = 3" Pr{B

el

14



Theorem 7.2 (The Janson Inequality). If Pr[B;] < e, then:

A

M < [P[r[/\ie[m SMeif, and
M < Pr[Aies Bi] <e 3

The two inequalities are very similar, since:

Pv[Bj] = 1 — Pr[B;] < e~ Frl5i]

and so:
M<e™#

Furthermore, oftentimes M ~ e #, and in particular when € = o(1) and
e = o(1).

I believe Janson’s first inequality could be made more precise by involving

higher order correlations like Ag =Y. . . Pr[B; A Bj A\ By].

injr

Note that the second Janson inequality makes no reference to e. Judging
from its proof, it is not clear that it could benefit from higher order correlation
information like Ag.

FExample 7.1.

When A > 2u the inequalities are useless, however, for A slightly less, it is
improved by:

Theorem 7.3 (The Extended Janson Inequality). Under the further as-
sumption that A > u:

2

[P[r[ Nier E] <e oA

The extended Janson Inequality is a “boosted” version of the second Janson
Inequality.

Note that when applicable the extended Janson inequality gives significantly
stronger bounds than the variance method for bounding indicators (Corol-
lary 2.3), which achieves:

— _Var[X] upu+A
Pr[AB] < <
INBTS g =

15



In particular, when u — oo, p < A, and v = p?/A — oo, Chebyshev’s
1

upper bound on Pr[A;B;] is roughly v+ while Janson’s upper bound is

roughly e™7.

(The above two theorems are stated in [NA0O] Section 8.1 and proven in
Section 8.2.)

Janson’s Inequalities, in fact, apply to any collection of target events B; for
which the following hold:

PU’[BZ’ Njeg Bj] < PD’[BZ}
valid for all index sets J C I, i ¢ J and
Pr[Bi\Bk AN FJ} < Pr[B;| By
Jj€J

valid for all index sets J C I, i,k &€ J. Have to verify: Observe that these
inequalities hold if we simply replace all B; with C; = B;. In other words,
Janson’s inequalities can also be used to lower- and upper-bound Pr[A\;B;] =

PD’[/\iCZ'].

(These generalizations are given in [NAQO] Section 8.7, and in fact they use
the same proof of Section 8.2.)

7.3 Brun’s Sieve

e Hidden parameter n (for asymptotics)
e Events By,..., B,, with indicators X = X1 +--- + X,

o Let S = Z[PU’[B“ VAN /\Bir]

Theorem 7.4 (Brun’s Sieve). Suppose there is a constant p such that for
every fized r:

E[X(T)/r!] =80 /el

Then for every t:

t

PriX =t — %67“.

16



8 Bernoulli

B(n,z) — Bernoulli random variable with n trials and probability of
success

e Pr[B(n,x)=j] = (7;)3;](1 — z)nd
d [E[B(r'%x)} =nx

e Var[B(n,x)] = nz(l — x)

9 Markov Chains

10 Linear Algebra

10.1 Hermitian (Symmetric) Matrices

A matrix A is Hermitian if and only if A = A*. An easy consequence of this
is:

Theorem 10.1 (Theorem 4.1.3 of [RH99]). Let A € M, be Hermitian.
Then

(a) x*Ax is real for all x € C";

(b) All the eigenvalues of A are real; and

(¢) S*AS is Hermitian for all S € M,

In view of this theorem, we adopt the convention of labeling the eigenvalues
of a Hermitian matrix in ascending (non-decreasing) order:

)\min:>\1S)\QS“‘S)\n—lg)\n:Amax

17



Theorem 10.2 (Rayleigh-Ritz, Theorem 4.2.2 of [RH99]). Let A € M, be
Hermitian, and let the eigenvalues of A be ordered as above. Then:

Martx < x*Ax < \px*z for all x e C”

*
¥ Az
Amax = A\p = max = max 2" Az
x#0 T*x z*r=1
*
. afAx .
Amin = A1 = min = min z"Ax

z#£0 T*X r*r=1

10.2 Positive Semidefinite Matrices

Theorem 10.3 (Theorem 7.2.10 of [RH99]). Let G € My be the Gram
matriz of the vectors {wy, ..., wr} C C™ with respect to a given inner product
(,-), and let W = [wy wy ... wy| € M, . Then:

(a) G is positice semidefinite;
(b) G is non-singular if and only if the vectors wy,...,wy are independent;

(c) There exists a positive definite matric A € M, such that G = W*AW;
and

(d) rank(G) = rank(W) = mazimum number of independent vectors in the
set {wy, ..., wg}.

Corollary 10.1 (Exercise of [RH99]). Let (x,y) = y*z be the usual Eu-
clidean inner product. Then (using the notation from above) A = I and the

mazimum number of independent vectors in {w, ..., w} is exactly equal to

rank(G).

Corollary 10.2 (Corollary 7.2.11 of [RH99]). Let A € M,, be a given matriz.
Then A is positive semidefinite with rank r < n if and only if there is a set
of vectors S = {w1,...,wi} C C" containing exactly r independent vectors
such that A is the Gram matriz of S with respect to the Fuclidean inner
product.

18



11 Pseudorandomness

11.1 Prime Numbers

Let m(z) be the number of primes up to and including x, then:

Theorem 11.1 (Prime Number Theorem).

X

Let p, be the n-th prime, then:

Corollary 11.1.

Pn ~nlnn

11.2 Quadratic Residues
11.2.1 Basic Properties
Quadratic residues in finite fields are a useful tool for building quasi- or

pseudo-random objects, so we mention their basic properties.

Definition 11.1 (Legendre’s Symbol). For a € F,, define the Legendre
Symbol as:

(a) B {—1—1, if a is a quadratic residue,

p —1, ifa is a non-resiude

Definition 11.2 (Quadratic Character). For a € F, define the quadratic
character of a as:

Lemma 11.1.



Lemma 11.2. In [, there are exactly (p—1)/2 non-zero quadratic residues
and (p — 1)/2 non-zero non-residues.

Lemma 11.3. The number —1 is a quadratic residue of primes of the form
4k + 1 and a non-residue of primes of the form 4k + 3, i.e.:

<pl> _ (—1)#D/2

11.2.2 Pseudorandom Tournaments from Quadratic Residues

For a tournament 7" on n vertices and a permuation 7 of the vertices c(m, T')
is defined to be the number of edges in T" that agree with the order of vertices
enforced by m. Furthermore, the natural characteristic ¢(T) of T' is defined
as:

¢(T) = max¢(m, T)

™

Clearly, ¢(T) > %(g) for any tournament 7. It can further be shown that

o(T) > 1(3) + O(n*?) for any tournament 7. On the other hand, sim-
ple probabilistic arguments exhibit the existence of tournaments for which

o(T) < (1+0(1)5(3).

Using the random-like structure of quadratic residues one can build explicit
tournaments that have the properties of probabilistic ones. The techniques
used are of general interest in building pseudo-random objects.

Let p be any prime with p = 3(mod 4)

12 Asymptotics and bounds

12.1 Taylor Series

(k) (4
fa) =3 LD oyt

k=0




Common functions

" x" > 7
=0
2 3 k
o x
In(l—2)=—z— > - _ T
n(l—z) T = 3 ’
3 5 7 2%k—1
AT A L .
sz =z -t g b T gy
2 4 6 2k
S I S I A .
cosz =1 TR +(-1) (2k)!+
= [«
1 Oé: k’ f <1
(1+x) ;<k>w or |x|

12.2 Asymptotic Approximations

Stirling’s Formula:
1
n! =~ v2mn (E)n <1 +0 <>>
e n

Derangements

Definition 12.1. A derangement is a permutation w € S, with no fized

points, i.e. no i such that w(i) = i.

Lemma 12.1. The number of derangements in Sy, (also called the subfac-
torial function) is denoted by 'n and:

n!
In=|—|,
e

where [-] is the nearest integer function.

Asymptotics of Combinations:

For fixed k:
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For k = pn, where p € (0,1):

< n ) ~ on(H®)+o(1))

pn

Where H(p) = —plnp — (1 — p) In(1 — p) is the entropy function.

Some inequalities used in asymptotic reductions:

0(1—

w)

;7<8 e~ !, approximation for n — oo, inequality for n > 0
(1 + )n S €, approximation for n — oo, inequality for n > 0
=

e In(1—x)

—x, approximation for z — 0, inequality for all x

e 1 —x < e *, approximation for x — 0, inequality for all

e In(1+ x) < e”, approximation for z — 0, inequality for all =

1+ 2 < €%, approximation for x — 0, inequality for all

e 1 — e * 3 x, approximation for z — 0, inequality for all =

12.3 Identities

Basic: Let z1,...,x, be algebraic variables:
n m
> Ila- (L)
SC[n] i€S i=1
[Sl=m
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Euler’s Pentagonal Theorem:

oo
H(l—a:k) =l-z—-2*+2°+2" -2 -2 +...
k=1
+oo
_ Z (= 1)k hB+1/2
k=—0oc0

12.4 Integration

ea:r:+b
PRl e —
a

13 ToDo

1. Downward-biased Random Walks with Restarts: Approximating 3-
SAT

2. Tighter Chernoff bound from Janson’s survey on Concentration
3. Minimax Principle in Linear Algebra

4. Minimax Principle in competitive algorithms/games analysis

5. Geometry: Relationship between L; and Lo

6. Markov: Coupling, Path Coupling, Relaxation Time
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