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RETROGRADE ANALYSIS OF CERTAIN ENDGAMES

Ken Thompson

AT&T Bell Laboratories
Murray Hill, New Jersey, U.S.A.

Introduction

Computers have been able to exhaustively solve certain simple chess endgames. The general
method is to work backwards from mates (or known winning positions). Wins-in-one are
marked by generating predecessor positions to mates. Wins-in-two are then marked by gen-
erating predecessor positions to mates and wins in one, etc. When no more winning posi-
tions are generated, the unmarked positions are either illegal, draws or losses.

The major complexity of this problem is the number of pieces on the board. A minor com-
plexity is the existence of a pawn, which complicates the symmetry. The first work in this
field! consisted of analysis of one and two-piece (not counting Kings) endgames. Since that
time there has been much material published on endgames with less than three pieces. This
paper describes work on three-piece endgames. There has been some frior work on three-
piece endgames. 3 There is also a good recent bibliography to the field.

The Godel Function

The basis of a retrograde analyzer is a subprogram that converts a chess position into a
unique Gédel number (G) that is used to index a database of positions. The inverse transfor-
mation (from G to position) is also important. Different transformations are used for posi-
tions with and without pawns. The existence of a pawn destroys one of the symmetries
enjoyed with pure pieces. Let me first describe the pure-piece transformations.

The canonical position has two Kings and three pure pieces. The White King is confined to
the “octant” defined by the squares a8-d8-d5-a8. This is not a restriction since any position
can be rotated and reflected to place the White King in this area. The Black King encoding is
based on the position of the White King. In particular, the Black King cannot be next to the
White King and if the White King is on the a8-d5 diagonal, the Black King can be rotated to
be above that diagonal. The King encodings are implemented with a table lookup. This
lookup also selects what rotation/reflection to apply to the other three pieces. There are 462
legal positions of two Kings where the described symmetries are removed. The other three
pieces are encoded by their position on the board after the rotation/reflections indicated by
the King positions. If the piece is missing (captured) then it is assigned the position of the
White King, which would otherwise be illegal. Thus the encoded G has the following parts:

0-461 Position of two Kings .

0-63 Position of Piece 1.

0-63 Position of Piece 2.

0-63 Position of Piece 3.
giving G a range of 462x 64X 64 %64 or 121,110,528.

There are potentially other symmetries that could be exploited depending on what pieces are
on the board. For example, if there are two White Rooks, they could exchange places
without altering the position. More notably, if there are two White Bishops, and it is
assumed that they are of opposite color, each could be assigned a 32 square subset of the
board rather than 64 squares. None of these potential symmetries were exploited.
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The Method

The retrograde analysis is accomplished by 4 programs: P, thru P4. These programs operate
on files of sets of chess positions. Each file is a bit map of 121,110,528 bits. If a bitis onin a
file then the corresponding G encoded chess position is considered in the set of chess posi-
tions represented by the file. There are 5 files that are successively manipulated by the pro-
grams. File W is a list of all currently known White-to-move and win positions. B is all
currently known Black-to-move and lose positions. W; is the latest newly found White-to-
move and win in i moves. This file is added (logically ored) to W to bring W up to date. B;
s the latest Black-to-move and lose in i moves. The remaining file, J; is a temporary file that
is a superset of B; as described below.

Program P is for initialization. It is run exactly once at the beginning and creates the file
By, those positions where Black-to-move and Black is mated. P, loops through all G posi-
tions, converts each to chess-board representation and examines each for a legal mate. If it
is mate, then the corresponding bit is set in file Bo. B is initialized to B. W is initialized to
all zeros and i is set to zero.

Program P, examines each position in file B; and for each position, generates all possible
legal predecessor positions. These positions have White-to-move and with at least one
White move can obtain a B; position. They are therefore the new W;,; positions if they have
not been found before — that is if they are not in W. After P, finishes reading B;, consult-
ing W and creating W; 1, Wi, is added to W.

Predecessor positions are formed by an un-move generator. This is the same as a move gen-
erator but a) it is illegal to start in check, but legal to un-move into check and b) it is illegal
to capture, but legal to un-capture by leaving an enemy piece behind. In the games that we
are discussing, un-castle and un-enpassant are not encountered. Un-promotion is described
later under pawn endgames.

Program Pj; is exactly the same as P, except with Black-to-move. P; reads W;,,, generates
Black predecessor positions, consults B, and creates J;4,. The positions in J;,; are Black-to-
move and lose if Black wanted to mate himself. Of these positions, only those that can be
forced to a winning White position are losses.

This brings us to P4 that reads J;+1, generates Black successor positions and examines each
in W. If all such successors are in W, then that position is added to B; 1. When P, finishes,
the new B;,; positions are added to B. The process is iterated by incrementing i and repeat-
ing programs P, P;, and P, in turn until no more positions are generated.

When the process finishes, W contains all positions in which White can force a win, with
White-to-move. These positions are partitioned into the files W;; White-to-win in i, with best
play. The easiest way to save the results in a database is to make a file with 121,110,528
bytes. Byte j contains i if bit j is set in file W;. In other words, byte j in the result file is the
number of moves for White to win, and zero if the position is not a win for White. This
result file is incrementally updated after the generation of each W; file. The total space
required is then the result file, W, B, and only two active files from B;, W; and J;. This totals
12x 121,110,528 bits of secondary storage, or about 175 megabytes.

Results

These programs were implemented on a Sequent Balance 8000 computer. This computer
consists of 12 National 32032 microprocessors on a 16 megabyte shared memory. The pro-
grams were designed to divide the work by assigning each processor every Nth position.
The disk traffic was drastically reduced by allocating a megabyte of real memory per proces-
sor as a cache on the files that were randomly accessed. The programs were run in the back-
ground with an average of four processors working simultaneously. A typical pure-piece
endgame would be solved in two to three weeks of real time.

Some of the results tabulated below are labeled “Max to Mate.” These games were solved in
one pass as described above. Max refers to the number of moves to mate with best play.
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The other positions were solved in two passes. These are labeled “Max to Win.” In these
endgames, the first pass solved all subgames with fewer than the full complement of pieces
to mate. The second pass then used these positions as By along with all mates to obtain
results with the complete complement of pieces. Thus the two-pass, “Max to Win,” method
solves positions with an objective function of either mate or capture into a won sub-game.
This is precisely the conditions for the 50-move rule.

The “Percent Wins” column of Table 1 represents the number of positions that are wins
divided by the total number of legal positions with White to move. These numbers will vary
depending on the Gédel function since some positions are counted more than once. Also
note that it is White to move in what is essentially a random position. This is a large advan-
tage and the win percentage favors White. It is hard to characterize, but a win percentage of
about 40 is indicative of a drawn endgame and a percentage of about 90 is a won endgame.

White | Black Max Max Percent
to Mate | to Win Wins
a4 ) 66 91.8
&% 12375 63 89.7
& Y} 42 93.1
A4 L4 71 92.1
)=(A) B 33 35.9
BEQ )= 59 40.1
BR B 31 94.3
B B 35 95.9
\=(A) & 41 48.4
o & 33 53.4
wE \=4 67 92.1
| B A= 30 94.0

Table 1

The first group of endgames in Table 1 were solved for chess interest. All four of the
endgames in this group are considered to be drawn. This work shows that they are really
wins. The next two groups were done as terminal promotion positions for pawn endgames.
Some extreme cases are illustrated by the following “‘best play”” examples.

7 T 7.
v 8 B
v % v N
"y
"y

Initial Position

1 4f8 Pg3 2 Ld6t Hf3 3 Ha7 B2 4 Lh2 Bfl 5 Hb7 B2 6 &b Dfl 7 Dd6 Hf2
8 Be6 B3 9 D5 Hf2 10 Hgd He3t 11 Hh3 Ned 12 Qg2 Ha3 13 Qf4 £cd 14 Qed
Ge2 15 Hhd Hd2 16 Qg6 Ol 17 g5 Hf3 18 Qd6 He3 19 Qc5t Hf3 20 Hf5
De3t 21 Qe5 g2 22 Qh5t B3 23 Sb6 LNfd 24 Qd1 Hg2 25 Hd4 Hel 26 De3
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D2t 27 Hd2 B4 28 Be2 Bf5 29 L2t Beb 30 Ab3t Bd6 31 K12 0fat 32 He3
e6 33 Qg3t He7 34 Qe5 N5 35 Qd5 HNeb 36 Ded DSt 37 Df5 Hd7 38 Qf4
b6 39 Qf3 Ned 40 Bed HNA6t 41 A5 D7 42 4d1 Df6 43 Qc2 Ng5 44 Qes5t
De7 45 Qg3 Heb6 46 Le5 N8 47 Qel N7+ 48 BA5 H\h8 49 Qhdt &f7 50 Hd6
g6 51 Lb3t B8 52 Qf6 He8 53 Q3 £Hf4 54 Qdd Dgb 55 Qd1 &f8 56 {3 He?
57 Qh5 &5t 58 He5 hé 59 Heb Hg8 60 Qd4 Hhé 61 Hf6 DHg8t 62 Bgb He7t
63 Bh7 £Hd5 64 Q.c5t He7 65 Hh6 Hg8 66L4xe7

Initial Position

1 Hb8 Qdét 2 a7 Qc5t 3 Bab Qcat 4 Ha5 Bdé 5 Wel ®d5 6 ¥e3 §d4 7 &3+
De5 8 Qg3‘l‘ De4 9 ¥rhat Pe3 10 We7t &d3 11 Dbs Qd5 12 el L3 13 ¥Whda
De3 14 Bcd fe2t 15 &d5 Q31 16 Heb Qed 17 g3t dd2 18 Wfit ®d3 19 &de6
fc3 20 ’égB‘l‘ &Hd2 21 le Ld3 22 &c5 B2 23 We3 Qb2 24 ®bs Qc3t 25 Pa3
Qb2+ 26 Fad Q3 27 ¥We5 fe4 28 ¥cd Qf3 29 Hb5 Qd1 30 a2t &Hd3 31 g2
fe2 32 &c5 d1 33 Wh3t &d2 34 Dd5 4b3t 35 Qed Qc2t 36 Sfd Qd4 37 a3
Kd3 38 ¥bdt Qc3 39 a4 Qb2 40 Df3 Q3 41 a7 {b2 42 W5 fQe2t 43 &f2
Qd3 44 ¥g5t &c2 45 Wd5 $d2 46 Wa2 Hc3 47 Bel Qcd 48 ¥ra5t b3 49 Wbét
®c3 50 b7 &c2 51 ¥h7t &b3 52 ¥bl B3 53 Wed fa3 54 ¥re3t b2 55 Bd1
b3t 56 &d2 4b4at 57 BHd3 Qa2 58 We2t Hb3 59 W2t a3 60 &Hd4 4b3 61

Yrelt ®a2 62 $d3 Qa3 63 W7 4b2 64 Wa7t Hbl 65 Hd2 Ld5 66 ¥b6 Qed 67

b5 Qg2 68 We2 Qb7 69 Wflt ®a2 70 W7t a3 71 xb7

Initial Position

1 Ha8t &d7 2 Ba7t &c8 3 Hd6 Hd8t 4 Hc6 Hb8 5 Bb7+ Las 6 Bh7 Hcst 7 Db6
BHb8t 8 &5 Hg8 9 Bh4 Eb8 10 £\c6 Bb2 11 Bh7 He2t 12 ®d6 Bd2t 13 &c7 Bh2
14 Bd7 Bd2 15 &d4 Bb2 16 ®c6 Eb7 17 Bd5 Bb4 18 b5 Hedt 19 b6 b8 20
He5 Hcl 21 He8t Hc8 22 Hel Hc2 23 £Hd4 BEb2t 24 &6 La8 25 Hfl Hb4 26 &Hb5
Bc4t 27 Bb6 b8 28 HNd6 Hbdt 29 &c6 Ha8 30 Hfst HEb8 31 H\e8 Hb3 32 Hbét
a7 33 Ha8# )
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Initial Position

1 of5 Bh4 2 9d3 Bf4 3 Qedt Pa7 4 Qc6 Hgd 5 Hc7 Bg7t 6 2d7 Eg6 7 Qe6 Bg7t
8 &b Bgl 9 Ha2t &b8 10 Eb2t ®a8 11 ®b6 Hcl 12 af5 Bc3 13 Ebl b8 14
Eb4 Ba3 15 9d7 Ha2 16 Bh4 Bb2t 17 4b5 Hc2 18 Qc4 Hb2t 19 Be6 Bf2 20 Hhst
Fa7 21 Eh7t &b 22 Bb7t &a8 23 Bb4s §g2 24 9d3 Hg3 25 Hd4 Bf3 26 {c4 BEh3
27 Bd8t a7 28 Qd5 Bh2 29 Hd7+ ®Hb8 30 Eb7t+ a8 31 Ebl Hc2t 32 &b6t Hbs
33 Qe6 Bd2 34 &6t Ha7 35 Halt b8 36 4d5 BEh2 37 Bblt Fa7 38 Qed Bhet
39 &c5 Ebé 40 Ehl Ha6 41 Bh8 Ha5t 42 &c6 Hg5 43 Bh7t &a6 44 Qd5 Ha5 45
&c5 Hgb 46 Bh2 Hg4 47 Bb2 Bh4 48 Eb7 Bh6 49 Q7 Hf6 50 fQc4 Bf5t 51 Qd5
Ef6 52 Bb5t a6 53 Bb2 Ha7 54 HEb7t Hab6 55 He7 a5 56 Qe6 Ha6 57 Qc8t
Fa5 58 Ha7t Hab 59 BExab#

\

A\

And with a Pawn

When one of the pieces is a pawn, everything gets harder. The Gédel function loses sym-
metries; the pawns can promote into sub-games that must be solved independently; each
pawn position must be treated as a sub-game and solved independently; and there are
numerous smaller annoyances. The overall structure remains. First all promoted sub-games
are solved. These are all combined to create the file Wg, White-to-move, pawn on the 8th,
and win in any number of moves. Second, a new program P; makes pawn un-moves to
create the file By. These positions are combined with mates on the 7th and also wins
without the pawn. Programs P, P; and P, are then iterated to create files W, B» and IJr.
Again, this is done in two passes to first create wins without the full complement and
second to generate all wins. And then P is run to back up W into Bg. All goes well until
rank 2 when, because of the initial pawn move, files W3 and W, must be combined before
creating By.

The basic size of the G function is 83,886,080 to accommodate the pawn on one of the four
files and one rank at a time. The total storage required is about 120 megabytes per rank.
After the six result files of 83 megabytes each are complete, they are inverted into four rank-
oriented files of 117 megabytes each. It takes about six weeks real time to create a complete
pawn data base, not counting the time to create the promotion sub-games.

Wi versus &

The first pawn endgame attempted was Queen and Pawn vs. Queen. Table 2 below sum-
marizes the results “max to win’’ and “percent wins” for each of the 24 initial pawn posi-
tions. Note that “max to win” means moves until capture, mate or pawn move; precisely
the 50-move definition. Unfortunately, a clerical error surfaced. The under-promotions were
accidentally discarded and so the results are for Queen promotion only. The chess literature
contains some Rook under-promotions but every one that was examined could be won in a
few more moves with Queen promotion. So the max figures for the 7th rank may have
small errors, but the other figures in table 2 are probably correct.
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7 | 7084.0 | 5584.7 | 4385.4 | 4285.6
6| 7171.0 | 6176.5 | 4679.3 | 58 77.6
5| 33572 | 3863.8 | 4372.7 | 45 70.1
4| 2951.8 | 3055.6 | 4867.2 | 64 65.6
3| 20485 | 5152.7 | 5361.5 | 54 58.3
2| 1748.6 | 3152.7 | 4762.7 | 41 59.0
a b C d
Table 2

number of moves to mate, capture or promotion.

33...

35...

Initial Pesition

1 ... Wbat 2 Ge6 Wgat 3 Bf6 Wist 4 Bgb Yedt 5 g5 ¥e3t 6 Hh5 W3t 7
®h6 Whit 8 g5 Wd5t 9 Hf6 ¥ddat 10 Sf7 Wd7t 11 Sgb Weat 12 $h7 &h3t
13 &g8 Wi5 14 a2t &l 15 Yh2 ¥d5t 16 &h8 Wd4s 17 W7t Hbl 18 Hh7
Wedt 19 Hho We3t 20 Hgb Webt 21 Bgd ¥d5t 22 Gf6 i3t 23 He7 Bedt 24
&ds Wast 25 &d7 Wd5t 26 Hc8 Febt 27 b8 West 28 Ha7 Wadt 29 Hb6
b3t 30 Ga6 Wa2t 31 Wa5 g8 32 Erbdt Ha2 33 ¥d4 Webt

st (1)

34 BHb5 West 35 Hbs bst

Welt (5)

36 B3 Wgdt 37 Hd2

37 Bc2 (10) 37 PHcd (8) 37 Hb4 (3)

37 ... g2t 38 Qel Yhlt 39 G2 Wh2t 40 B3 Wh3t 41 &Hfs What 42 Xgd
We3t 43 Sf6 B3t 4 Beb Webt 45 He5 He8t 46 OHfs W7+ 47 g3 Ygot 48
&h3 Wh7t 49 g2 Egét 50 BHfl Wbt 51 He2 b5t 52 &d2 b3 53 Ba7t

53 ¥&d3 (1)

54 ..

The one-move discrepancies near the end can be explained by

ple:

53 ... &b2 54 Wi2 g8

. Wdst (1)

55 b6t a3 56 b7 a4 57 &3 a5 58 Wbt Fab 59 Brcat

archik and Futer. That analysis is presented below
he numbers in parentheses are the discrepancies in

under-promotions. For exam-
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Posmon after 54 . ’édS'f

The data base play is:

55 Qe3t &c3 56 ¥f3 g8 57 f2t Hd4 58 Wf8 a2t 59 ®g3 Wb3t 60 Hh4 etc.
But this can be improved by:

55 de3t B3 56 &fet cd 57 ¥rfat B3 58 Hrc7t Hb2 59 Wbt Fal 60 g8E!

The discrepancies at moves 33 and 35 are simply to avoid the position at move 37. Thus the
only real dispute is the position at move 37:

Position after 37 @cz

Komissarchik and Futer imply that this position is a win in at least 23 moves. The current
work claims that it is a win in 13. The following analysis is given in support of the current
work.

37 ... ¥rg2t? 38 ¥d2 &6t 39 Hd3t
and promote next.

37 ... ¥c71? 38 ¥c3 ¥h2t 39 ¥d2 ¥Wh7t 40 &c3t
and mate.

37 ... Yrgot! 38 &d1 ¥e6? 39 a7t Hb2 40 b8t Bal 41 Wast ®bl 42_g8"é
or more simply

41 gsH!
38 ... Wh51? 39 &l Whit 40 ¥d1

38 ... &f7! 39 Hd2 Hb3 40 Pel ebt 41 Df2 W7+ 42 g3 W7t 43 Hg2 W7+
44 gl ¥f7 45 ¥rgd g8 46 i3t
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39 ... ®a3 40 g4 rg8? 41 Wf3t Pad 42 b7
and Black will have to leave the pawn to prevent mate.

40 ... W2t 41 &d3 Wflt 42 Ge3 Welt 43 Df3 Wdlt 4 g3 Bd6t 45 g2
Wd2t 46 gl Wclt 47 Hh2 ¥rc2t 48 Bg2 ¥h7t 49 Eh3t

The author would welcome any input which helps resolve this discrepancy.
The following is the maximal QPvQ play:

Initial Position

1 g2 We7t 2 Shl W6 3 Wd2t g7 4 Wd7+ g6 5 Wd3t Hg7 6 Wedt Bi8 7
Wbt BHf7 8 W7t Hgb 9 ¥ed &3t 10 Hh2 el 11 ¥l ¥e5t 12 SHhl ¥hst 13
Bg2 Wast 14 Ggl Wa7t 15 Bhl Wd7 16 W2 GhS 17 We2t Sgb 18 Wedt Hh5
19 Wed a7 20 We2t ®g5 21 Hg2 Wrd4 22 Wi2 Wedt 23 ¥f3 ¥rd4 24 Ye2 Hgb
25 b5 We3 26 Dfl Wed 27 Hf2 ¥rdat 28 Hf3 Hhé 29 ¥e6t Pg7 30 ¥c7t Dgb
31 Wg3t BhS 32 ¥h3t dg5 33 Web Wdlt 34 We2 Wd5t 35 Hf2 Wi5t 36 gl
Wblt 37 g2 ¥g6 38 ¥rcs Hh5t 39 Of2 Wf6t 40 He3 WesSt 41 Hd3 Dgd 42
G2 We3 43 Hb2 g6 44 b5 Hho 45 B2 Web 46 Hc3 ¥d6 47 Dk g7 48
g5t Hh8 49 ¥h5t Qg7 50 Wegdt Hf7 51 W5t g7 52 ¥c8 w4t 53 b5 f6
54 ¥c6 Wb2t 55 ®c5 2t 56 Hd6 Pgb 57 Hd5t Ph7 58 7t Hh8 59 B3t
&h7 60 b W5 61 Hbb ebt 62 Hb7 Hedt 63 Hb8 Eblt 64 D7 a2 65 b
&h8 66 b8 b3t 67 b7 g3t 68 a8 ¥h3 69 ¥c6 g4 70 ¥c3t h7 71 a7

H#ft versus H

Table 3 is for Rook and Pawn vs Rook.

7 12088.1 | 2488.6 | 2088.8 | 23 89.1
6| 2873.0 | 19751 | 2075.1 | 2075.8
5] 2061.7 | 1966.6 | 18 65.9 | 20 65.9
4| 27542 | 1862.1 | 1960.7 | 2059.0
3 |2545.4 | 3056.4 | 2455.0 } 3250.4
2| 2544.0 | 3556.1 | 3353.8 | 33 48.7
a b C d
Table 3

There is one RPvR example in Arlazarov and Futer. It is not possible to compare that to the |
current work because of differences in objective function. The goal in Arlazarov and Futer is
to promote, while in the current work, the goal is to push the pawn to the next square.

The following is the longest RPvR variation:
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Initial Position

1 Hd5 Bf2 2 &cl &Hf4 3 Bd2 Bflt 4 Hd1 Hf2 5 Hel Hg2 6 He8 BEh2 7 &bl BEh7 8
&2 He7t 9 &d3 BEd7t 10 &c3 Bc7t 11 &d4 Bb7 12 B8t &gé 13 &c3 Bc7t 14
&d3 Hb7 15 &2 Bc7t 16 &bl BEh7 17 Bf6 Eb7 18 Ef2 EHb8 19 &cl Pg5 20 &c2
Hc8t 21 &d2 Eb8 22 &3 Hce8t 23 &bd Bb8t 24 a5 Ha8t 25 Hb6 Ebst 26 a7
Eb5 27 &a6 Bb8 28 Hc2 Hf6 29 Hco6t Pe5 30 Bb6 Ha8t 31 b5 &d4 32 Hd6t
&e5 33 Heb BEb8t 34 Bbb Ha8 35 b4
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KEN ON THE SCAN
Five digits for digitally contemplating five-piece endgames.



