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RETROGRADE ANALYSIS OF CERTAIN ENDGAMES

Ken Thompson

AT&T Bell Laboratories
Murray Hill, New Jersey, U.S.A.

Introduction

Computers have been able to exhaustively solve certain simple chess endgames. The general
method is to work backwards from mates (or known winning positions). Wins-in-one are
marked by generating predecessor positions to mates. Wins-in-two are then marked by gen-
erating predecessor positions to mates and wins in one, etc. When no more winning posi-
tions are generated, the unmarked positions are either illegal, draws or losses.

The major complexity of this problem is the number of pieces on the board. A minor com-
plexity is the existence of a pawn, which complicates the symmetry. The first work in this
field! consisted of analysis of one and two-piece (not counting Kings) endgames. Since that
time there has been much material published on endgames with less than three pieces. This
paper describes work on three-piece endgames. There has been some frior work on three-
piece endgames. 3 There is also a good recent bibliography to the field.

The Godel Function

The basis of a retrograde analyzer is a subprogram that converts a chess position into a
unique Gédel number (G) that is used to index a database of positions. The inverse transfor-
mation (from G to position) is also important. Different transformations are used for posi-
tions with and without pawns. The existence of a pawn destroys one of the symmetries
enjoyed with pure pieces. Let me first describe the pure-piece transformations.

The canonical position has two Kings and three pure pieces. The White King is confined to
the “octant” defined by the squares a8-d8-d5-a8. This is not a restriction since any position
can be rotated and reflected to place the White King in this area. The Black King encoding is
based on the position of the White King. In particular, the Black King cannot be next to the
White King and if the White King is on the a8-d5 diagonal, the Black King can be rotated to
be above that diagonal. The King encodings are implemented with a table lookup. This
lookup also selects what rotation/reflection to apply to the other three pieces. There are 462
legal positions of two Kings where the described symmetries are removed. The other three
pieces are encoded by their position on the board after the rotation/reflections indicated by
the King positions. If the piece is missing (captured) then it is assigned the position of the
White King, which would otherwise be illegal. Thus the encoded G has the following parts:

0-461 Position of two Kings .

0-63 Position of Piece 1.

0-63 Position of Piece 2.

0-63 Position of Piece 3.
giving G a range of 462x 64X 64 %64 or 121,110,528.

There are potentially other symmetries that could be exploited depending on what pieces are
on the board. For example, if there are two White Rooks, they could exchange places
without altering the position. More notably, if there are two White Bishops, and it is
assumed that they are of opposite color, each could be assigned a 32 square subset of the
board rather than 64 squares. None of these potential symmetries were exploited.
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