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Abstract— Evaluating sensornet coverage requiresassuming
evaders have limits. To understand sensorevaluation more thor-
oughly, this paper exploreshow differ ent limits affect sensitvity
for individual sensorsWe rst solwe the obstacle-free power
law sensitivity problem under a bounded-\elocity constraint
on evaders, nding that the sneakiest strategy is in nite for
many interesting scenarios. We then examine some geometric
constraints to make such problems more well-formed. We then
study the impact of dynamicalconstraints — namely that evaders
have bounded energy/fuel under a few energy usagemodels.

I. INTRODUCTION

Sensornetworks have beenproposedas a mechanismfor
monitoringactiities of everythingfrom cropsto carsto crimi-
nals.A foundationalquestionis how to measureperformance.
l.e. how well do sensorscover an intended ervironment?
This questionmattersto deploymentoptimizerswho want to
limit batteryusage sensompopulationsor otherwiseoptimize
positionsor protocols.It also mattersto smartevaderswho
preferthe sneakiestoute.

Evadersare often necessarilyhypothetical. Therefore,one
needsmodelsbothfor evadersandsensonetwork capabilities.
Studying such modelsin the single sensorcaseis helpful
in understandinghe sensitvity of a network. The scopeof
this paperis the single-sensocase As backgroundwve setup
the full network problem, closely following but generalizing
Meguerdichianet.al. [1]

We begin with a model of sensomet capability (Figure 1).
Let Si(p;t) denotethesensitvity of sensoi to objectsatevery
pointin spacep, attime, t. The speci ¢ form of S; depends
on physicalcharacteristicef the sensorthe ervironment,and
the sensedbject. Passve light detectionfalls off asa simple
inversesquarelaw, while time-varying directedilluminations
like radarsweepsmay require quite complicatedS; (p;t).

If thecommunicationsmietwork perfectlycombinesall sense
data then the combined sensitvity of n sensorsat (p;t)

Meguerdichiaret.al. [1] proposetwo notionsof aggregation,
all sensor Sa, andclosestsensor Sc sensitvities:

X
Sa(pit) =
i=1

Si(m1); and Sc(pit) = maxS;(p;t):

The exposue of anobjecttraversinga sensoreld from times
to to ty alongtrajectory p(t) is simply
z

Elp(t)] =

t1

S(p(t); t)dt: 1)

to

Fig. 1. How canasmartevaderbestescapealetectionby a eld of sensors?

One may de ne “coverage” in terms of exposure, also
in both averageand pessimalsensesAn average senseof
coveragewould be a the exposureof a “typical path” or asum
of the exposuresover pathssampledfrom somedistribution.
A pessimakenseof coveragewould be the exposuresuffered
by the sneakiespossibleevader. This paperanalyzesonly this
secondsenseof coverage.

Any sensornet evaluationrequiresconstrints on evaders.
Without constraint,the answeris ary in nite velocity ight
through the region. Such evadersare measuredor no time
at all andarethusinvisible. Traversingthe eld at the speed
of light is concevable, though usually totally unrealistic. A
concevable traversalmay also be to leave the solar system,
but thisis alsonotavery relevantevasionstrateyy. Appropriate
evasionconstraintsare inherently contect-speci c.

Severalstylesof constrainimmediatelypresenthemseles:

evadervelocity is lessthan a maximumvelocity
evadersmustcrossthe eld in boundedtime
evadersuselimited enegy crossingthe eld

The sneakiestevader usually achieves ary imposedbounds,
makingtheseeffectively equality constaints which mattersin
our optimizationapproachE.g., if velocity is boundedoby V,
thenv(t) = V will be optimal since slowing down canonly
increaseexposure.The situationis similar for time or enegy.

This papersolvesseveral constrainedingle-sensominimal
exposureproblemsusingthe calculusof variations.xll brie y
reviews variational calculus.xlll presentsa solution to the
boundedvelocity minimum exposureproblemfor S rt
sensitvity. XIV solvesthemoregeneralS r ("*) caseln
light of xIV, XV exploreskeepingpathsnearthe sensorwith
additionalgeometricconstraintswhile xVI takes an entirely



new approactinsteadconstraininghe enegy or fuel available
undervariousresistancenodels.We compareall the various
resulstin xVIl anddiscussrelatedresultsin xVIII. Finally we
concludein xIX.

Il. CALCULUS OF VARIATIONS
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Fig. 2. Intuition: As with extremain ordinary calculus(left partof gure),
tiny variationsaboutoptimal pathschangeobjectize functionsmuchlessthan
variationsaboutsuboptimalpaths.

Exposure,as de ned by (1), maps an entire trajectory
to a number Recall the procedurefor minimizing ordinary
functions of a variable— at a local extremumthe derivative
vanishesTo nd anexposureminimizing trajectoryasshovn
in Figure 2, evidently one mustdifferentiatewith respecto a
functionand nd thevalueswhich make this derivative vanish.
Methodsfor doing just this, called the calculusof variations,
datebackto Euler[2] Thesemethodgproducea setof ordinary
differentialequationghat optimizing trajectoriesmust satisfy
We usein the following key theoremin this paper:[3]

Theoem1: Let Y be a set of admissiblefunctions If
all elementsof Y have continuous rst derivatives on the
real interval [a;b] and speci ed valuesy(a) and y(b), and
a function,J, dependsn y(t) andy = dy=dt as*

Zy
Jy()] =  F(ty;ydt

a
andJ is a maximumor minimum at an elementy(t), then
this elementsatis esthe EulerLagrangedifferentialequation:

d
_Q:g or __Fy: (2)
atd@ @ dt

The secondform usessubscriptso denotepartial differentia-

tion which is commonin the variationalliterature.

Proof: Here we sketch the proof for the caseof a
minimum. More detail can be found in a good book on
variationalmethods.[B If y(t) is a global minimum,

W0=a@yngWM]

theny(t) mustalsobe a local minimum: J[y] J[y+ h];
where is arbitrarily small and h(t) preseresy + h 2 Y:

1Following a commonakuseof notation,y(t) denotesboth ary candidate
memberof Y andthe optimimummemberof Y.

l.e., we musthave h(a) = h(b) = 0 anda y(t) satisfyingthe
y(a) andy(b) conditions.Nearthe minimum we have:

J %%+h] Jly]

F(;y+ h;y+ h)dt
? b a
[Fy(t; y;y)h + Fy(t;y; y)h]dt + O( ?)

As in ordinary calculus,if J[y] hasa local minimum at y(t)
thenthe rst orderzterm mustvanishor
b
(Fyh+ Fyh)dt = O
a

Zb
F(ty;y)dt

Integratingthe secondterm by partsandfactoringh yields

Z, b
Fy dd—FtL hdt+ Fyh = O (3)

a a

The secondterm vanishessinceh(a) = h(b) = 0. Sinceh is

arbitrary (3) mustalsohold whenh = F,  dF,=dt:
Zy 2
dFL _ .
a Fy T dt - 0.
This integral can only vanishif the integrandis indentically
zerowhich directly implies (2). ]

(2) is generallya secondorder ODE. In the specialcase
whenF; = @ =@ = 0, we canreducethe order as follows.
Write out the total derivative of F, substitutein (2), and
recognizethe derivative productrule:

dF dF dy d
o " Fi+ Fyy+ Fyy = d_tiy_+ F‘LE = E(Fﬂ)
=) F Fyy= constant (4)

Theoem2: Under the other assumptionsof Theorem1,
supposealso that admissiblepgnctions are constrainedby a
side condition of the form: ;’G(x;y;y) = C. Solutions
to this optimization problem satisfy (2) with F replacedby
F + G . We omit the proof for brevity. See[3] for details.

I1l. THE EASIEST CASE: S  1=r, BOUNDED VELOCITY
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Fig. 3. Polarcoordinatesetupfor the one sensorscenario

In this section,we solve for optimal trajectoriesfor the
simple caseof boundedvelocity constraintand inverse-linear
sensitvity decay



Theoem 3: Supposethere is a sensorat the origin of
coordinateswith sensitvity function S(p) = kkpk !, where
k is some constantgauging sensitvity to an evader The
minimum exposurepath undera boundedvelocity constraint
from A = (a;0) to B = (b; ) (as in the coordinates
of Figure 3) is:

_ b
r()=aexp —ln— (5)

Proof: Recall from the introduction that boundedve-
locity implies constantvelocity sinceslowing down canonly
increasethe exposureintegral. Let s be the distancealongthe
path.Constantvelocity meanghatds=dt= V, or dt = ds=V.
Thereforeexposuresimpli es to aline integral. It is convenient
to write this line integral in the polar coordinatef Figure 3
wherer = kpk and is measuredrom thearcS! A:

Z, Zg
dt k ds
E[p(t)] = k —— 1 E[r = — —
POI= ket EFOI= G 05
Recallingds® = (rd )2 + (dr)2 = (r? + r?)d 2, thisis 2
s
K z Dir2 i K z 2
E = — —=d = = 1+ = d
V 2 r V o r
k — r
= _ 2qd - = ‘u= =
v o, 1+ u?d ; whereu=Inr;u ; (6)
Since @=@= 0 we canuse(4) on (6):
kP —— @kP k=V
= 2 2 =2 2 =
const v 1+ v U—@LV 1+ v w
)  u= const® (7)

(7) is just the equationfor a line in the (u; ) plane.u(0) =
Ina, u( ) = Inbthenyield theln of (5):

u()= na+ Inb Ina

X

Fig. 4. Examplesof minimum exposurepathsstartingat several pointson
the x axisandendingat (0; 1) on they axis.

Figure 4 shavs a few example plots of optimal paths
betweerseveral startingpointson the x axisandonepoint 90
degreesaway on the y axis.

2Qverdots, e.g. r, denotetotal derivatives with respectto the natural
independentzariablein a given contet. Herer = dr=d .

Note from (6) that exposure dependsonly on the ratio
r=r. This implies that exposureis invariantunderrescaling,a
propertyinheritedby the minimum value of exposurewhich
we now shav dependsonly on b=a

Corollary 1. The value of exposurealongthe paths(5) is:
r—

k b
E(a;b;; k;V)= = In?=+ 2 8
(a;b;; k;V) v ™3 8
Proof: From(5),r = 1In gr. Putting this into (6), the

integrandbecomesconstantand

Z M v 2 M v 2
E- K Pl+ In 2 d—kP1+ In 2
TV o, Y,
which is a trivial rearrangemenof (8). ]

For a givenopeningangle, , the bestpathis circular since
Inzg is smallestwhenb = a which makes (5) justr( ) = a.
This is a generalizatiorof Lemma?2 of [1] which is derived
by rathermanualconstructionof polar coordinates.

IV. GENERAL POWER LAW SENSITIVITY: S 1=r"*1

Now considerthe scenariaf Theorem3 with generalpower
law sensitvity scaling. Assumethe sensitvity a distancer
from the sensoris S = kr (") 3 The higher n, the
faster sensitvity attenuatesMany physical effects used by
sensorsscale approximatelyas power laws. As examples,
considerthe behaior of a) passie 2D surface waves, b)
3D sound/light/heatg) magnetic eld detection,or d) active
illumination schemedike radarand sonar Thesescalewith
exponentsn+ 1 equalto 1, 2, 3, and4, respectiely. xlll treated
then+ 1 = 1 casefor asingle-sensoboundedvelocity evader
We now studythe sameproblemfor generaln + 16 1.

Theoem4: If the coordinatesareasin Figure3 and The-

orem3,but S = kr "1 n6 0 andjnj < thenthe
minimum exposurepathfrom A to B satis es
n
[r()]" = a"cosn + bn;?ﬂ%sinn : 9)
Proof: First onegeneralize€ from (6):
Z P—
k r2+r2
EF()= g —r—d (10)
andthenapplies(4) to geta rst integral:
rz+r2 r 1 -
T et z(r2+ r?) =2 2r = const

folding k=V into the constantAfter somealgebrawe get:

n lp (11)

r r2+r2=const= ¢

Solving for 1=r, we geta simpleintegral for (r):

}_ d__ rn 1 _) B rn 1d|’
r__ dr B C% r2|"l B B C% r2n

SUsingn + 1 ratherthann simpli es mary expressions.
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Fig. 5. Examplesneakiestpathsfor n = f0; 1; 2; 3g betweentwo
points 1 distanceunit from the sensorat the origin. The initial and nal

pointsspananangle = 0:32 . Biggern (fasterattenuationdrivesthe best
path further from the sensar When =jnj (or 0:3333 forn = 3),
the path degeneratedo a straightline away from (or toward) the sensar

The form of this integral suggestchangingvariablesto u( ):
(12)

r" = ¢;sinu;  nr" dr = ¢; cosu du:

Recallingsin? + co€ = 1, the integral is now easy:
Z
¢1 cosu du=n du
—————= —=) n =uU C:
¢ 1 sinu n
Putting this backinto (12) yields our answer:

c1Sin(c; + N ) = ¢y sinc; cosn + €3 COSC, Sinn
dcosn + ¢9sinn : (13)

r-I"I

The conditionsr (0) = a andr( ) = bthen x the constants:

a" = & = ¢ sine;

o_ B a"cosn
2= sinn
Now (13) and(14) clearlyimply (9). Recallfrom xlI that (9)
is only a necessarycondition for r( ) to be the path which
minimizesk . Usingadwancedvariationaltheory onecanshaw
that (9) is alsosufcient which we deferto an appendix. |

Figure 5 shavs how the sneakiesipath betweenthe same
points, A and B, varies with sensitvity attenuationexpo-
nent. As sensitvity attenuatesnore rapidly, the path spends
more time further from the sensor Indeed,sincesin = 0,
Equation9 indicatesthat whenjnj ! the sneakiespath
becomesa straightline to in nity and back (or to the origin
andbackfor n < 0).

B' = a"cosn + cIsinn; :(14)

Sincen > 1 is relevantto sensorevaluationwhile impossi-
bly long pathsarenot relevant, we are motivatedto searchfor
new evasionconstraintshat are free from suchpathologies.

We now computethe minimum E . First, (13) impliesc? =
9% + c9%. Thenapplying (14) gives

(S
bW avcosn 2
C1 = a2+ ———— 4 15
1= @) o (15)
ComputingE is thensimple.Put (11) into (10) to get
Z Z
k cid k d
E = — ——=— ———— by (13);
V o, r2n Ve sin2(n + c) y (13)
k co 0 0
= _S(n * %) " gince o8 T i
Vneg sin(n + ¢) sin sin?
_ k COSC; COSNn COSC; Sinn sinc
" Vnc; sinc, cosn sinc, + sinn  cosc
Combining fractions & using sin? + cos’ = 1;
_k sinn _ k sinn
" Vn clsincgssin(n +c) Vna' b=g
k 1 an b "
= —Pp— - + = 2cosn ; (16
Vinj("apm b a (16)

after applying rst (14) andthen (15) to the meigedfraction.

V. ADDITIONAL GEOMETRIC CONSTRAINTS

As mentionedn xIV, for interestingsensitvity scalingsj.e.
n+ 1 2, someboundaryconditionsmake boundedvelocity
mimimum exposurepathsunrealistic.In light of this, we study
the effect of additionalgeometricconstraintsWe rst consider
boundingthelengthof the path,or sincethe speeds constant,
the time of traversal. We then considerbounding the area
enclosedby the path. Finally, we considerconstraintwhere
the pathmustbe interior to a boundingpolygon.

A. Bounded\elocity-Boundedlime Minimum Exposue

De nition 1 (BoundedVelocity-Boundedlime Exposue):
Given a sensoreld intensity S(p) andtwo pointsA andB,
nd a minimum exposurepath P that is not longer than a
path Pg.

We have only found closed-formsolutionsto this problem
for sensitvity of theform S(r)  1=r andS(r)  1=r? [4].
For other typesof sensitvity we resortto a numerical ODE
solver.

B. Bounded\elocity-Boundedirea Minimum Exposue

This caseallows closedform solutionsfor inverselinear
and inversecubic sensitvity scaling.

4r>0andr cysinn ) nci;> 0 xesthesign.



C. Boundedvelocity-BoundingPolygon Minimum Exposue

VI. DYNAMICAL CONSTRAINTS ON EVADERS

A limitation we seefrom the previous minimal exposure
problems is that the bounded velocity constraint renders
the optimization purely geometric That is, since velocity is
bounded,and thereforeconstant,only the shapeof the path
matters. Additional constraintson the path geometry such
as its length or the areait enclosesdo limit the effort an
evader can go to in avoiding a sensor However, all these
scenariosnsistupondesignerdoundingthe speedandthena
side conditionto limit the effort. A more naturalconstraintto
imagine a hypotheticalevaderis to directly boundits effort.
E.g., evadersexpendfuel or enegy in avoiding a sensar A
worst caseevader could consere its fuel when far from a
sensorandspendit moreliberally whencloseto a sensorbut
still have soundboundedenegy budget.This sectionexplores
theseenegy boundedevaderconstraintswhich naturallylead
to variable velocity stratgies. In contrastto the minimum
exposurepaths optimal evader stratgjies becomeminimum
exposuretrajectories

De nition 2 (Minimum Exposue Trajectory): Suppose
there is sensor eld with aggrejate sensitvity
S(x) = i fi(si;p). Supposefurther that a potential
evader has initial position at point A with initial velocity
Vo. Let the destinationbe constrainedo be at point B. The
minimum exposuretrajectory is a path joining A and B
combinedwith a speedat eachpoint in the path.

Considerthat the obvious solution for an unconstained
adwersaryis simply in nite velocity motion. Of coursewe
know fasterthan light motion is unrealistic. So the actual
answemwould be a constanspeedyathat the maximumspeed.
The precisepathwould thusstill be the sameasthe constant
velocity path. For practical terrestrial sensorsituationssuch
a rapid velocity would allow mostobjectsto passin and out
of the rangeof a sensorin a few microseconds. In reality,
differentevaders(e.g.,human,tanks,airplanes)have different
maximumspeedsyYet, if the adwersaryhasonly the maximum
speedconstraint,the solution to the min exposuretrajectory
problemis independentf the actualvalue of the maximum
speed.Thatis, in this case,a paththatis bestfor the tankis
the bestpath for human.

Things becomea bit differentwhen other constraintssuch
as enegy consumptionis consideredGiven a x ed eneny,
on ary path, an evadermay chooseto run fasteron the line
segmentwherethe eld intensityis higher andrun slower at
wherethe eld intensityis lower. Shortertime athigh exposure
areaand longertime at low exposureareaappearsmnale the
enegy usemore economy(in minimizing exposure).

5The speedof light is about300 metersk .

A. BoundedEnegy: Inertial Resistance
B. BoundedEnemgy: Resistancé v

In this sectionwe outline a solution for enegy bounded
minimal exposuretrajectory In polarcoordinatethetrajectory
is representecas ( (t); (t)). with the following boundary
conditions:

0 = a 17
(M = b (18)
© =0 (19)
(m = (20)

Assumethe singlesensoiis at (0,0) with sensitvity 1= ¥. The
evaderspendsime T on its path,with enegy constraint
Z
(%2+ 23dt E (21)
0
We needto solve the following Lagrangeequationsfor min

exposuretrajectory:

— 1 2 2 2
F=—1+ (2+ 223 (22)
@ da _
@ aa ° 23)
¢ da =0 (24)
@ dt @
(25)
This immediatelyyields the following two equations
2« 2 2+k WD =9 (26)
2 _+ 21)=0 (27)
EqQ.27 canbe rewritten as:
d 2 —
q(2)=0 (28)
Sowe have
2_= G(constant) (29)
usingthis resultwe can simplify the radial Eq.26:
. — GZ 3 L (k+1) (30)

2

Assumingthe optimal path is never on a circle (_6 0), we
canmultiply the above equationby _andintegrateboth sides:

_2: G2 2+E

k) + Cy(constant) (31)
For k=2, we can solve this differentialequationand get
r
= ot & = @ @
Cy

Applying two radial boundaryconditions,we have
r

a= CyC2 Cil(l G2) (33)




1.1

b= Ci(T C)2 —(= G?) (34)
C,
Using the radial expressionand Eq.29we canget
q
G t C 1 G2
= -4 log g +C3 (39
2 1 Gc; t G+ LI G2
Applying the two angularboundaryconditionswe have
q
G C,+ 1 @2
C:= 4 log g (36)
2 1 G C 1 @
q
G T C 1 G2
Cs= —4 log 4 (37)
2 = GZC]_ T Co+ 1 @2
Note that
2+ 222 ky
k=2
and
2 = =G

The enegy constraintyields anotherelationfor the constants

—+CT=E 38
5+ G (38)

Sowe have ve equations(Eq. 33,34,36,37,38jor ve con-
stantsCq; C,; C3;G; . The constantscan at leastbe solved
numerically pretty easily

C. BoundedEnegy: Combinedinertia & Friction
VII. MODEL COMPARISONS
VIIl. RELATED WORK

Previous work has analyzedlimited special casesof the
single-sensoexposureproblemfrom the perspectiesof both
discreteand continuousoptimization.[?], [?], [?], [1] When
the sensitvity functionis of form 1=r, andtheinitial and nal
pointsare at equaldistanceto the sensorthe sneakiespathis
the shorterarc (betweens and e) of the circle centeredat s
and passingthroughs ande.

Radiobroadcast/receptiortoveragefrom a stationto mobile
agentsis mathematicallyidentical to the sensationproblem
with inverse squaresensitvity scaling. Minimum exposure
correspondgo minimum reception.The appropriatesenseof
aggreationin this caseis mostlikely Sc. Citations!

Optimal foraging theory studies howv animals may best
collect food while avoiding predatorsand conservingenegy.
This problem is obviously the sameas a sensornetworks
where the natural sensesof predatorsreplacesensors.The
appropriateaggreationin this caseis alsomostlikely

Exposureto the closestsensor or in this case closest
predatorCitations

IX. CONCLUSION

Sensometwork presentsis mary new challengingpractical
and theoreticalproblems.In this paperwe provided a gen-
eral one-sensoexposureproblemfor sensornetworks using
variational methods.In light of our resultswe proposeda
path-length-constrainedxposure problem as more feasible
abstractionof exposurein someevasioncases...
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